Abstract. We study the equivalence of two -order-by-order Einstein's equation and Reduced action -approaches to cosmological perturbation theory at all orders for different models of inflation. We point out a crucial consistency check which we refer to as "Constraint consistency" that needs to be satisfied. We propose a quick and efficient method to check the consistency for any model including modified gravity models. Our analysis points out an important feature which is crucial for inflationary model building i.e., all 'constraint' inconsistent models have higher order Ostrogradsky's instabilities but the reverse is not true. In other words, one can have models with constraint lapse function and shift vector, though it may have Ostrogradsky's instabilities. We also obtain the single variable equation for non-canonical scalar field in the limit of power-law inflation for the second-order perturbed variables.
Introduction
Inflation, a period of accelerated expansion in the early universe, is now an integral part of the standard model that can eliminate cosmological initial value problems and explain homogeneous as well as inhomogeneities and observation of anisotropic Cosmic Microwave Background Radiation (CMBR) [1] . Inflationary cosmology has two key theoretical ingredients. First, the approximation schemes employed in solving gravity equations. Second, inflationary model building inspired by particle physics or a more fundamental theory of Quantum gravity. With respect to the first ingredient, Einstein's gravity (Modified gravity) are highly non-linear, one has to rely on approximation schemes to match the observations. There are primarily two formalisms to deal with the non-linear equations:
• The separate universe approximations with either gradient expansion theory or ∆N formalism. [2] • Gauge invariant cosmological perturbation theory.
The temperature fluctuations as observed in CMB is ∼ 10 −5 , hence one can use order-byorder perturbation theory to match with observations [3] [4] [5] [6] . In the first order, one assumes the perturbed fields are linear implying that 3-point and higher-order correlation functions are zero. In the second order, the interactions of the first order terms are taken into account implying that the three point functions are non-zero whose detection can reduce the field space of inflationary models [7] [8] [9] . With respect to the inflationary model building, since inflation occurs around 10 14 GeV , which is much remote compared to the terrestrially experiments, the proposed theories are primarily driven by simplicity. In the case of the canonical scalar field -which is the simplest -60 e-foldings of inflation requires the potential to be flat which is in contradiction with particle physics models [10, 11] . Non-canonical scalar field model [12] [13] [14] removes the dependence of the potential, however it leads to time dependence of the speed of perturbations, and makes it difficult to compare it with CMB observations [15] . In order to seek more generalized fields, scalar fields with higher time derivatives in action are considered [16] [17] [18] [19] . Beside these, modified gravity models, specifically f (R) lead to accelerated expansion in the early universe.
There are two ways to deal with gauge invariant cosmological perturbation theory: Hamiltonian formulation(ADM formulation) [20] and Lagrangian formulation. Since gravity and matter are coupled to each other, one can write the full action and vary the action w.r.t metric and matter fields to obtain general equations of motion. Those equations can be expanded in terms of perturbed variables (metric and field variables) and one can separately extract order-by-order equations from those equations [21] . In the reduced action formalism [22] , the action is expanded in terms of the perturbed variables (metric and field variables) and vary the resultant action w.r.t those variables. In other words, to obtain first order perturbed equations, we need to expand action to second order and vary the action w.r.t first order perturbed variables. This formalism can be extended to obtain perturbed equations of motions to any order.
Since the matter fields (Non-canonical & Galilean) and Gravity are highly non-linear, it is not clear whether the two approaches -order-by-order Einstein's equations and effective action -lead to the same equations of motion. In Ref. [23] , it was shown that when the metric perturbations are frozen then the two approaches do not, in general, lead to the same expressions. In this work we look at this by including the metric perturbations.
In the next section, we study higher order cosmological perturbation theory for single scalar field minimally coupled to gravity and show the equivalence of the two approaches in all orders. We point a crucial consistency check which we refer to as 'constraint consistency' that needs to be verified and point out a quick and fast way to check the consistency and apply it to minimally coupled non-canonical scalar field.
In section (3), we apply the 'constraint consistency' relation to many inflationary models that are proposed in the literature. First we check the theory with higher derivative Lagrangian models minimally coupled to gravity. Then we extend the procedure to other different types of models like modified gravity models and modified gravity with higher order matter Lagrangian. In Appendix (A), we list some of the lengthy expressions in section (2) and in Appendix (B), we obtain single variable equation for non-canonical scalar fields in second order perturbed variables.
In this work, the number of space-time dimensions is 4 and the metric signature we use is [−, +, +, +], κ = 8πG, c = 1.
Consistency of Higher order perturbations in two different approaches
The action for gravity sourced by a single, non-minimally coupled scalar field (ϕ) is,
where
is the Lagrangian for the Galilean field which is the most general scalar field model leading to second order EoM. Varying the action w.r.t metric gives Einstein's equation,
where the stress tensor T µν is,
For simplicity and to obtain the physical features, we consider only single scalar field theory. In Sec. (3.5) we look at modified gravity models. Variation of the action (2.1) w.r.t the scalar field ϕ leads to the following equation of motion,
As one can see, although the Lagrangian is of the form, L m = L m (φ,φ, t), i.e., it contains higher time derivative but equations of motion are second order, thus does not suffer from Ostrogradsky's instability [24] . With G(X, ϕ) = 0 the field becomes non-canonical. Further fixing P = −X − V (ϕ), where V (ϕ) is the potential one obtains canonical scalar field.
The four-dimensional line element in the ADM form is given by, 6) where N (x µ ) and N i (x µ ) are Lapse function and shift vector respectively, γ ij is the 3-D space metric. Note that N (x µ ) and N i (x µ ) are the gauge constraints and variation of action (2.1) w.r.t those lead to Hamiltonian and Momentum constraints, respectively. Action (2.1) for the line element (2.6) takes the form,
where K ij is extrinsic curvature tensor and is given by
Perturbatively expanding the metric and the scalar field about the flat FRW spacetime, we get,
where denotes the order of the perturbation. Note that we have ignored the vector and tensor part of the metric perturbations. Although in the first order, the perturbations decouple, the is not the case for higher orders. We assume that the vector and tensor contributions are small and can be neglected. To determine the dynamics at every order, we need five scalar functions (φ, B, ψ, E and ϕ). Since there are two gauge constraints, one can fix two of the five scalar functions. In this work, we choose flat-slicing gauge, i.e., ψ = 0, E = 0 at all orders,
In the next subsection, we obtain the equation of motion of the second order perturbed quantity in single variable form for non-canonical scalar field. In subsection (2.2) we use effective action approach. To confirm or infirm the result of Ref. [23] that the two approaches lead to different results we focus on non-canonical scalar field, i.e. setting G(X, ϕ) = 0.
Order-by-Order Einstein's equation approach
For the background, g µν = diag(−a 2 , a 2 , a 2 , a 2 ), equations (2.3) and (2.5) lead to,
Equations (2.16) and (2.17) are 0-0 and i-j Einstein's equations for background where as equation (2.18) is the equation of motion of the scalar field. Similarly, the first order 0-0, 0-i Einstein's equations and first order EoM of scalar field are,
Note that, there are no φ 1 and B 1 terms in the above three equations and equations (2.19) and (2.20) are, as expected, the constraint equations corresponding to Lapse function and Shift vector. Hence, φ 1 and B 1 are constraints and we can eliminate them from first order EoM of scalar field equation (2.21) . Hence, net degree of freedom is one and one equation of motion for each order. In first order, single variable equation for non-canonical scalar field is,
where,
Similarly, perturbed second order 0-0 and 0-i Einstein's equations for non-canonical scalar fields are,
and EoM of the scalar field is,
where C X , C XX , ... are all second order perturbed quantities and P X , P XX , P Xϕ are background quantities. The explicit form of C's are given in Appendix (A).
It is important to note that the second order equations also do not contain φ 2 and/or B 2 . Hence one can obtain a single variable EoM of non-canonical scalar field for second order. Malik et al obtained the single variable equation of motion in second order for canonical scalar field [25] . Note also that 'ϕ' evaluated in the flat-slicing gauge coincides with gauge invariant curvature perturbation R [26] .
Reduced Action approach
In the reduced action approach, which is now a popular way of obtaining non-Gaussianity, one perturbs the field variables (g µν , ϕ) in the action and expands the action to the required order. In other words, one assumes a priori the form of the metric and the matter variables in the lowest order and expands order-by-order. For instance, in the case of FRW background, the action (2.7) becomes,
Varying the above action w.r.t metric variable a(η) and ϕ 0 (η) lead to the equations (2.17) and (2.18) . Note that as expected these two equations are independent of each other since a(η) and ϕ 0 (η) are dynamical variables. To obtain first order (in ) equations, one expands action (2.7) upto second order of . In general, varying the n th order action w.r.t m th order perturbed variables leads to (n − m) th order perturbed equations. It may be worth noting that a given order equations of motion can be obtained in several ways, e.g., varying first order action w.r.t first order variables leads to zeroth order equations of motion.
Expanding the action (2.7) to the second order, only in terms of first order variables (ϕ 1 , φ 1 , B 1 ), we get
After integrating by-parts, and dropping off boundary terms, we get,
Varying action (2.29) w.r.t ϕ 1 , we obtain first order EoM of scalar field (2.21). Similarly, varying action w.r.t φ 1 and B 1 gives same equations as (2.19) and (2.20) respectively, i.e.,
Similarly, we can expand (2.7) upto fourth order by expanding the field variables (ϕ 2 , φ 2 , B 2 ), i.e.,
Varying the action w.r.t ϕ 2 leads to the same EoM of ϕ 2 (2.26). Similarly second order equations can be obtained from varying fourth order action w.r.t φ 2 and B 2 (2.24) and (2.25), respectively.
Another way of seeing constraints is, action (2.29) or (2.30) contain no time derivative of φ 1 and B 1 , i.e., lapse and shift functions algebraically enter in the action. Hence, variation w.r.t φ 1 and B 1 always lead to constraint equations. So, we can use (2.19) and (2.20) constraint equations to eliminate φ 1 and B 1 from the action to get a single variable action in terms of ϕ 1 .
where v, z and c s are defined in equation (2.23) . In other words, we can vary w.r.t ϕ 1 to obtain equation of motion of ϕ 1 and using background equations, we get identical equation (2.22) . In first order, equations of motion are linear where as in higher order, only the highest order perturbed variables appear linearly, where as lowest order perturbed variables contributes non-linearly to equations of motion. For example, in second order, equations are linear in second order variables ϕ 2 , φ 2 and B 2 , however, quadratic in first order variables (ϕ 1 , φ 1 and B 1 ). Hence, as was pointed in [23] , it does appear that obtaining a single variable equation might not lead to identical from these two approaches. However, the fourth order action does not contain terms that have time derivatives of φ 2 and B 2 . Hence, as in the first order, one should be able to substitute φ 2 and B 2 in the fourth order action to obtain equation of motion in single variable. Malik et al showed, for canonical scalar field under slow roll approximation that the single variable equation from both approaches are same [27] . In Appendix (B), we show that for non-canonical scalar field in Power-law limit, one can obtain the single variable equation of motion in the second order.
This leads to the following questions: In the simplified model proposed in Ref. [23] , authors have assumed the homogeneous universe filled with matter fluctuations with no lapse function φ and shift vector ∂ i B. They have shown that in this simplified model stress tensor, energy density and pressure are not identical for both of approaches. Note that, since there are no metric fluctuations, left hand side of Einstein's equations are zero. In first order, for instance, for non-canonical scalar field case, without metric fluctuations matter fluctuations become zero. Similarly, for other model also, one can obtain the equation of matter fluctuations and if those equations are substituted back in the difference in the two approaches, inconsistency should vanish. Another way of looking into this is following, in reduced action approach, one can obtain the Hamiltonian (momentum) constraint of the system is to vary the action w.r.t φ (B). Since in this simplified model, both are not present, this leads to inconsistent results.
To answer the second question, let us look at the procedure of gauge invariant cosmological perturbation theory is based on two things, first, to obtain gauge invariant variables and second, to obtain a single variable equation of motion, which propagates over the background. Gauge invariant variables are model independent, i.e., these are same for canonical, non-canonical or Galilean models so that we can always remove two variables by using gauge conditions and define suitable gauge invariant variables. In each order, we start fromfive perturbed variables (φ, B, ψ, E and ϕ). Two gauge choices help to remove two variables (in our case, E and ψ) and since φ and B are constraints, they help to reduce it to one. The last one depends solely on gauge fixing and two constraints equations which differ from models to models. If lapse function and Shift vector remain constraints for any models, i.e., those functions algebraically enter into the action then equations of motion of lapse function and shift vector contain no time derivatives of them, we can always eliminate them from action/equation of motion to get a single variable action/equation. This method fails when one of φ 1 and B 1 or both become dynamical i.e., if action contains time derivative of lapse function and/or Shift vector, then equations of them may contain double time derivatives of them, hence they become dynamical. In other words, if action contains non-reducible time derivatives of any of these two variables, this method fails for the model. We refer this as "Constraint consistency" condition. In the next section, we test the constraint consistency for several models that are used in the literature.
The whole exercise can be done in terms of Lapse N (x µ ) and Shift N i (x µ ) without applying any perturbation theory. Since our interest is perturbation theory and perturbation theory simplifies all expressions, we express everything in terms of perturbed Lapse φ 1 and Shift ∂ i B 1 and analyse all models. Both approaches lead to identical results.
Specific models
In this section, first we start with well known models of inflation within the framework of general relativity and move to modified gravity models. To check for constraint consistency we follow action formulation and write second order action in terms of perturbed variables and identify terms that contain time derivatives of Lapse function and/or Shift vector.
Minimally coupled Galilean field
We now look at one model with derivatives of metric in the action,
which has been proposed by Kobayashi et al. [16, 17] where ' ' is defined by equation (2.2).
Since ' ' contains time derivatives of metric as well as matter, it is not obvious whether the action can be expressed in a single variable form. After partial integration, the second order matter action,
where G X ≡ ∂ X G, G Y ≡ ∂ ϕ G for background and so on. The above reduced action contains derivatives of constraints (φ 1 ) in linear (those terms are highlighted in the above expression). However, one can rewrite the term by performing partial integration to rewrite it as a term proportional to φ 1 e.g., first terms in the action can be written as − 5 2 ∂ 0 {G X ϕ 0 3 }φ 2 1 . So, although the action contains time derivative of lapse function but it is reducible to action with no time derivative of lapse or shift. Reason is that, although action contains time derivatives of Lapse, it contains in linear order of time derivative of φ 1 , so variation of those terms do not lead to higher derivatives.
(ϕ
Let us consider the following model where the matter action is given by
and is minimally coupled to gravity. 1 . Expanding the matter action to second order, we get,
Following points are worth-noting regarding the above action: (i) Unlike Galilean scalar fields, the above action contains square of the derivative of constraints (φ 2 ) [the term is highlighted in the above expression], (ii) In case of Galilean, it was possible to rewrite it as boundary term, in this case it is not possible. This implies that using reduced action approach, we cannot obtain a dynamical equation. Hence as discussed in section (2), the constraint consistency is not satisfied.
3.3 (ϕ ;λ ϕ ;λ ϕ ;µν ϕ ;µν ) model
As like the previous subsection, the following action also contains higher time derivatives of constraints. Expanding the matter action
to second order, we get,
1 Note that, our motivation is only about the consistency of the method discussed in the first section for different models, not to check its physical observational viability or any other problems such as Higher order Ostrogradsky's ghost
It is important to note that the second order action contains φ 2 which cannot be absorbed as a boundary term (the highlighted term in the above expression). Hence the constraint condition is not satisfied leading to the fact that the reduced action does not lead to single variable action.
From the above analysis, we can generalize to any higher derivative scalar theory models like { ϕ} 3 , ϕ, ϕ ;α , ϕ ;αβγδ ϕ αβγδ and that obtaining a single variable equation of motion or action is not possible for these kind of models.
f (R) model
Until now, we have considered different form of scalar field action without modifying gravity. In this subsection, we consider the simplest modification i.e. R + αR 2 while we consider the matter to be canonical scalar field. Since R and matter part of the action does not have any inconsistency, we expand R 2 up to second order in perturbed variables to get,
Following points are interesting to note from the above expression: (i) R 2 term contains time derivative of φ, that cannot be absorbed as a boundary term. This implies that the above action cannot lead to the constraint equation. (ii) By doing a conformal transformation g µν →g µν = Ω 2 g µν , the term containing the time derivative of φ can be absorbed as a matter field and hence the constraint equation recovered. (iii) The constraint consistency allows us to identify that the f (R) gravity models, without conformal transformation lead to inconsistent dynamics.
As we have shown above, certain higher derivative models do not satisfy 'constraint consistency'. We have also shown which terms in the second order action spoil the 'constraint consistency'. However, it is interesting to note the terms that contain time derivative of lapse functions identical. Let us consider the following scalar field action
The second order action is given by,
It is interesting to note the following points: (i) the action does not contain terms having time derivative of laspe function/shift vector. Hence the resultant equation leads to constraint equation. Similarly, [ϕ ;λ ϕ ;λ ({ ϕ} 3 − 3 ϕ ϕ ;µν ϕ ;µν + 2ϕ which, after integration by-parts, can be re-written as,
Hence the equation of motion contains a . This immediately signals Ostrogradsky's instability.
Hence we note an interesting relation: while all 'constraint' inconsistent models have higher order Ostrogradsky's instabilities but the reverse is not true. In other words one can have models with constraint Lapse function and Shift vector, though it may have Ostrogradsky's instabilities.
Constraint consistent models without instabilities
In the previous subsection, we showed that identifying the terms in (3.4) and (3.3) that contains higher derivatives of lapse function, we can remove these terms by combination of these terms two terms. However, we noticed that such action suffer from Ostrogradsky's instabilities. The term that leads to Ostrogradsky's instability is . By using the condition that the function does not have time derivatives and later using the additional condition that ostrogradsky's instability does not arise.
ii. In a different manner, Nicolis et al [18] and Deffayet et al [19] have come up with the same action only with condition of removing Ostrogradsky's instability. Here we have verified that those models will result in consistent dynamics with 'constraint consistency' and lead to single variable action as well as EoMs.
iii. Similarly, we can find the same combination for third order derivative model also.
Note that, coefficient of ϕ ;λ ϕ ;λ R is − . Reason of changing sign is the extra factor ϕ ;λ ϕ ;λ in front of the model so that we have to carefully integrate out the higher derivative unstable term. Same thing can be applied to
where we have to carefully choose C(X) so that higher order term gets cancelled by integrating by-parts.
Conclusions
In this work, we have revisited the two approaches of cosmological perturbation theoryEinstein's order-by-order approach and reduced action approaches. We identified a constraint consistency relation. We then investigated the higher order theories and found that models which satisfy constraint conditions can be applied to the conventional perturbation theory. We showed that all models which do not satisfy constraint conditions have the instability but also we find that there exist some models which satisfy constraint conditions though they do have instabilities. The method we have proposed here is quick and efficient and is useful for inflationary model building.
A Coefficients of second order equation of motion of non-canonical scalar field
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B Second order single variable equation of motion for non-canonical scalar field for Power-law inflation
Fourth order action for non-canonical scalar field, after partial integration is, Similarly using second order Einstein's equations, where, 
